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Abstract 
 
The elements of the Eötvös matrix are useful for various geodetic applications, such 
as the interpolation of the elements of the deflection of the vertical, the determination 
of gravity anomalies and the determination of geoid heights. A torsion balance 
instrument is customarily used for the determination of the Eötvös components. In 
this work, we show that it is possible to estimate the Eötvös components at a point on 
the Earth’s physical surface using gravity measurements at three nearby points, 
comprising a very small network. In the first part, we present the method in detail, 
while in the second part we demonstrate a numerical example. We conclude that this 
method is able to estimate the elements of the Eötvös matrix with satisfactory 
accuracy. 
 
1 Introduction 
The Eötvös matrix is the second order derivative of the Earth’s gravity potential at a 
point P and is significant to several applications. For example, it plays an important 
role in the “Geodetic Singularity Problem”: if the determinant of the Eötvös matrix at 
point P is equal to zero, then it is rank deficient and this classifies point P as a 
singular point. This means that it is not possible to replace (pseudo)differentials of 
unholonomic coordinate systems, which are related to moving local astronomical 
frames, with differentials of holonomic coordinate systems (Grafarend, 1971, 
Livieratos, 1976). Another application of the Eötvös matrix is the determination of the 
deflection of the vertical at points on the Earth’s physical surface (Völgyesi, 1993). 
The elements of the Eötvös matrix which are involved are Wxx, Wxy and Wyy. A third 
application of the Eötvös matrix is the determination of the geoid undulation by an 
alternative solution for the astrogeodetic leveling (Völgyesi, 2001), and to determine 
the gravity anomaly with the help of the elements Wxz and Wyz (Völgyesi et al., 2005). 
The elements of the Eötvös matrix (except Wzz) are customarily determined by torsion 
balance measurements at point P. The appreciation of the Eötvös matrix is lately 
increased, since a large number of torsion balance measurements are carried out 
around the world (Völgyesi, 2015), in order to detect lateral underground mass 
inhomogeneities and geological fault structures. 
The aim of the present work is to develop a method for the estimation of the Eötvös 
components using a gravimeter instead of a torsion balance instrument. The 
components will be estimated at a chosen point S on the Earth’s physical surface, 
using gravity measurements at S and three nearby points, comprising a very small 
network. The proposed method will be described in detail in the next sections. 
 
2 Methodology 
 
2.1 Estimation of the values of the Eötvös components except Wxy  
 
Let S be a point on the Earth’s physical surface with known geodetic coordinates, 
gravity value and geometric height. The Earth’s gravity potential is expressed in a 
local Cartesian system (x, y, z), which is centered at point S (point of interest), the z – 
axis is perpendicular to the equipotential surface passing through point S pointing 
outwards, the x – axis is tangent to the equipotential surface passing through point S 
pointing North and the y – axis is tangent to the aforementioned equipotential surface 
pointing East.  
In addition, let A, B, C be three points in the neighborhood of point S (within a few 
meters) with known local Cartesian coordinates and gravity values. Point A is taken 
on the x – axis (y = 0), point B on the y – axis (x = 0) and point C on the z – axis (x = 
y = 0), as in Figure 1.  
 
Figure 1 
The value of Wzz can be directly computed from the gravity measurements at points S 
and C (see (2.4)). For the other four Eötvös components at point S we proceed as 
follows: 
 
A parametric vector equation for the actual equipotential surface of point S around 
this point, expressed in the local Cartesian system, is 
                                                                                                                                 (2.1) 
and the tangent vectors of the equipotential surface are                                                          
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The value of Wzz at point S is obtained by: 
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Approximate, temporary values of Wxx and Wyy at point S can be obtained as follows: 
Let x1, y1 be the axes of the principal directions at point S.  We set 
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The quantity k2
e is the principal curvature of the normal equipotential surface in the 
East-West direction at point S, which is equal to (Manoussakis, 2013): 
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where 
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In (2.7), point Q is the projection of point S on the ellipsoid of revolution along the 
vertical line to the ellipsoid, k2 is the principal curvature of the ellipsoid along the East 
– West direction and U stands for the Eötvös matrix of the normal gravity field. From 
Poisson’s equation we can also estimate Wtxx at point S: 
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We now proceed to estimate Wxz and Wyz. Let A΄ be the projection of point A on the 
tangent plane of the equipotential surface at point S and A΄΄ the intersection of the line 
AA΄ with the actual equipotential surface passing through point S (figure 1). Using a 
Taylor series expansion, we get 
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Multiplying both sides with the unit normal vector and, having in mind that point A is 
on the xz - plane, we end up with: 
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where Lact is an element of the second fundamental form of the actual equipotential 
surface at point S, i.e. 
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where 
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The value of Lact is given by 
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The angle εA (see figure 1) is computed by 
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Since A΄ is the projection of point Α on the tangent plane of the actual equipotential 
surface at point S (zA΄ = 0), we obtain 
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The values of Wz are known at points A΄ and S, so the value of the second order 
partial derivative Wxz at point S is given by: 
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Repeating the above procedure for a point B on the West – East direction, we have 
similar relations, which lead to the estimation of the value of the second order partial 
derivative Wyz at point S: 
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Since B΄ is the projection of point B on the tangent plane of the actual equipotential 
surface at point S, we obtain 
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Therefore, the second order partial derivative Wyz at point S is given by  
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2.2 Estimation of the value of the Eötvös component Wxy  
 
Let β be the angle of a principal direction x1 with the x – axis (figure 1). The 
transformation between the two coordinate systems is given by 
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Using (2.24), we can relate the gradients of the potential between the two systems:  
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and 
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By definition, the right-hand side of (2.26) is equal to zero. From Euler’s theorem, we 
can determine the value of the sectional curvature kn of the actual equipotential 
surface at point S as a function of an angle a (a = 0 along the x1 axis), i.e.  
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where k1(S) and k2(S) are the principal curvatures at point S. For a = π/4, the sectional 
curvature at point S is equal to the mean curvature of the equipotential surface at the 
same point. The mean curvature is an invariant of the equipotential surface and in 
both Cartesian systems its expression stays the same, i.e. 
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Now let E be a fictitious point, close to point S, such that the angle between the x1 axis 
and the line segment SA is equal to π/4. In addition, let xE and yE be the coordinates of 
the point E. Then it holds that 
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The quantities Lact and Nact are given from (2.13) and (2.19), respectively. From (2.2) 
and (2.3) we have that  
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Mact is defined as 
 
 xyact sNM ,                                                                                                        (2.32) 
               
hence  
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Substituting (2.13), (2.19), (2.28), (2.30), (2.31) and (2.33) into (2.29), we get 
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All partial derivatives are referred to point S. We can assume that yE ≠ 0, so dividing 
both nominator and denominator by yE we get a different form of the above equation: 
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Let θ be the angle which is defined by 
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Then  
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Setting  
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equation (2.35) becomes  
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Equations (2.26) and (2.39) comprise a system of two equations with two unknowns, 
the angle β and the temporary value of Wxy. In order to solve this system, we isolate 
the term 4Wxyt from (2.39) and we obtain: 
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From elementary trigonometry and using (2.38) we get 
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Dividing (2.26) by sin2β (thus excluding the values 0 and π/2 for β) we have  
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After some manipulations, we end up with the following relation 
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Combining (2.40) with (2.43), the following algebraic equation is formed 
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From (2.44) we can obtain the two real values of t : 
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 Following (2.38), we can now obtain the values of the angle β of the principal 
directions  
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and 
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We should note that the angle β corresponds to the angle between two lines and not 
between two axes. We need additional independent information about the special 
transformation x = x(x1, y1), y = y(x1, y1) which holds around point S in order to find 
the principal axes x1 and y1. Therefore, we cannot distinguish which of the two above 
values refers to the x1 axis. In what follows, we chose the smaller of the two values of 
β, which leads us to the final value of the parameter t (see eq.(2.38)). 
 
Finally, using (2.40) we are now able to estimate a temporary value of Wxy: 
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2.3 Refinement of the values of the Eötvös components Wxx, Wyy and Wxy 
 
From the transformation described in (2.24) we can construct relations similar to 
(2.26) for the other surface derivatives, so we end up with the following system of 
equations: 
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Recalling our assumption for the estimate of Wyy (see (2.5)), we introduce the 
temporary values Wtxx and W
t
yy to the right-hand side of (2.49) and (2.50), i.e. 
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Thus, we now have a system of two equations, which has as unknowns the refined 
values of Wxx and Wyy. Its solution is: 
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 and 
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A further refinement of the values of Wxx, Wyy and Wxy can be done by repeating the 
calculations from (2.45) up to (2.53), using the new values of the Eötvös components. 
 
3 Numerical Test 
 
In order to examine the performance of the proposed method, we made a numerical 
simulation. We chose 12 arbitrary points on the Earth’s physical surface, as in Table 1, 
and we computed the simulated Eötvös matrix components and gravity values at those 
(S) and at nearby points (A, B, C), using the EGM96 gravity model. Then, we applied 
the proposed method to estimate the Eötvös components from the gravity values.  
 
φ0 (geodetic latitude, 0) λ0  (geodetic longitude, 0) h  (geometric height, m) 
  57.20 -2.30 140.00 
  50.40 -4.10   70.00 
  43.30 -0.40 260.00 
  37.30 -6.00   40.00 
  52.20  4.50     0.00 
  57.00  7.90   50.00 
  49.90                  11.60 390.00 
  37.97                  23.78 225.00 
  47.80                  21.70 120.00 
  55.20                  30.20 170.00 
  45.00                  39.00   20.00 
  33.30 44.50                   40.00 
 
Table 1 
 
The x, y coordinates of the nearby points were randomly assigned values in the range 
[-5m , 5m], while the z coordinates had values in the range [0.5m , 2m]. For the 
computation of the Eötvös matrix components, the model gravity values at all points 
were accurate to 1 nanogal. Using these values, in Table 2 below we summarize the 
maximum differences found between the simulated (from EGM96) and the estimated 
Eötvös matrix components, in Eötvös units. 
 
Components x y z 
x -0.60  up to  5.54 -3.30   up to  4.13 -0.002  up to  0.003 
y  -5.54  up to  0.60 -0.002  up to  0.003 
z   -0.006  up to  0.004 
 
Table 2 
Using exactly the same points but rounded-off values of the gravity measurements to 
the nearest μgal, which today is a realistic accuracy level, we obtained the maximum 
differences shown in Table 3. 
 
Components x y z 
x -1.11  up to  6.64 -3.89   up to  4.23 -1.18  up to  2.35 
y  -4.77  up to  1.01 -1.42  up to  1.78 
z   -2.64  up to  1.58 
 
Table 3 
 
 
4 Discussion and conclusions 
 
In this work, we outlined a method for the estimation of the components of the Eötvös 
matrix using local gravity measurements. We chose a point on the Earth’s physical 
surface (point of interest), with known geometric height, and three neighboring points 
and obtained gravity measurements at all points. We estimated the value of Wzz from 
the gravity measurements and initial values of the surface derivatives Wxx and Wyy, 
using an approximation for the curvature of the actual equipotential surface along the 
East – West direction. The values of Wxx and Wyy were then used for the estimation of 
Wxz and Wyz. They were also used to compute an approximate value of Wxy, using 
Euler’s theorem and the invariance of the mean curvature of the equipotential surface. 
Finally, the value of Wxy was used to compute refined values of Wxx, Wyy and Wxy. 
 
The proposed method was tested by a numerical example, choosing various points on 
the Earth’s physical surface, scattered on a very wide area, and simulating the gravity 
measurements and the Eötvös components using the EGM96 gravity model. We 
determined the maximum differences found between the computed and the estimated 
components of the Eötvös matrix. Despite the approximation made for the curvature 
of the actual equipotential surface, we have shown that the gravimetric estimation of 
the components of the Eötvös matrix is quite satisfactory. Using gravity values at the 
accuracy level of current gravimeters, we estimated Wxy and the vertical gradient 
components of the Eötvös matrix with an accuracy comparable to the one obtained by 
torsion balance instruments. It is to be noted that, in principle, the values of the 
vertical gradient components Wxz, Wyz and Wzz were very accurate, while the accuracy 
of the values of Wxx, Wyy and Wxy may be further improved, through a better 
estimation of the curvature. 
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